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Abstract

A model for a description of interaction, which involves particle creation, can be given as
follows:

(1) A smooth finite-dimensional manifold M constitutes the configuration space of
some interacting system.

(2) The concept of an interacting field is formulated in terms of two-component
objects which consist of a physical and a topological field component which are
‘derived’ from M.

(3) Interaction is described in terms of the topological linking number of the topo-
logical field components and in terms of the intrinsic field equations.

This scheme provides a geometrical description of strong interactions and gives a structural
analysis of Gell-Mann current fields. A differential topological formulation of Noether’s
Theorem can be obtained. Moreover a consistent description of electromagnetic interactions
which sheds a new light on the mechanism of virtual processes is available. This description
results in an estimate of the fine structure constant o = e%/(%. ¢).

1. Introduction

The mathematical difficulties connected with the quantisation of non-linear
field theories are presumably due to a formalism which is trying to describe
non-linear systems, i.e. interacting fields, in terms of linear operators (asymp-
totic free fields, ‘bare’ fields etc.) and linear configuration spaces. Other key
problems arise in connection with interaction Hamiltonians such as Hy = ¢j, 4%,
Ju= ¥yu¥ (4% and ¢ stand for the quantised photon and electron field re-
spectively), which represent the most basic interactions of field theory, i.e. the
current-type interactions. It is known, however, that the expression for Hy
fails to make mathematical sense because of the lack of meaning for trilinear
products of operator-valued fields.
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392 C. VON WESTENHOLZ

To arrive at a way of treating interacting systems in an intrinsic fashion, it
seems reasonable to proceed within some suitable geometric framework. It is
our aim, therefore, to provide a formulation of the concept of an interacting
field in terms of pure geometry which consists of

(1) An arbitrary finite-dimensional smooth configuration manifold M
whose differential geometric structure accounts for the interaction
in conjunction with

(2) fields, which are defined as pairings

(wP,cp)  (v. Westenholz, 1972) )

(w? € FP(M), the space of p-forms on M and ¢, € C,(M), the space

18] of p-chains on M and

(3) a description of interacting fields of type (1), (w{, ¢ 1), (w2, ¢2h),
o Awd e, wt € FYM), ¢y € Cy (M), in terms of the topological
linking number I(c; %, ¢;7). The field equations which correspond to
this interaction are obtained in an intrinsic form by means of the
coordinate-free operators d (exterior differentiation), ix = _I(con-
traction by a vector field X) and L y (Lie derivative), such that only
the ‘physical’ field component w of (1) is involved.

With a certain amount of over-simplification one may say that the present
model provides an approach to an elementary particle description where particle
physics is reduced to topological issues. A first phenomenological programme
along these lines has been achieved by Jehle (1971). Our model departs, how-
ever, in important ways from his treatment.

Remark 1. With an approach to field theory in terms of smooth manifolds
it is impossible to describe a field by giving its components with respect to a
single set of coordinates. An intrinsic description of physical laws is provided,
however, in terms of differential forms and the corresponding dual objects,
the vector fields. The case of skew-symmetric covariant tensor fields, which
are the most frequently encountered in physics, accounts for this. Electro-
magnetic theory, the Hamilton-Jacobi theory, the Yang-Mills theory, etc.,
can be given a neat and concise formulation in terms of these intrinsic objects.
Remark 2. The concept of a topological field (1) is illustrated by a conserva-
tive force field (w', ¢1), w' = Z; F; dx’, where [,/ w' =0 Ve, ¢y closed curve,
yields 3 ¢: w = —dy, ¢ € FO(M). That is, the force field (w?, ¢;) may be
regarded as being associated with some geometry M, subject to the constraints

(M) = Hy(M) = H'(M) = 0 (2

(I1 (M) denotes the Poincaré group, H (M) and HY (M) the first homology and
cohomology groups of M respectively). More generally, fields of the type (1)
may be regarded as being ‘derived” from some suitable geometry. This amounts
to saying that the study of the homotopy groups I,(M),p =1, 2, .. ., the
homology and cohomology groups Hp(M) and HP(M) of M exhibit which way
the properties of the geometry imply the properties of some field of type (1).
This issue of potential function can also be discussed in terms of vector



A NEW APPROACH TO INTERACTING FIELDS 393

fields and homology. Suppose M is equipped with a Riemannian metric{ , )

and
XXM ®)
is a vector field. If (3) corresponds to the closed one form wy, given by
X, V)=wxy(NVYET,(M)YPEM )

then wy(Y) is called the work of the field of force Y. Either of two cases may
occur: (1) If wy is homologous to zero in the one-dimensional cohomology
group H'(M,R), then w = —dy, i.e.

X=—gradyp;  (grad ¢,Y)=dy(Y) 3)

or (2) if wy is not homologous to zero in H' (M, R) then the potential is
‘multi-valued’, i.e. it is defined up to muitiples of periods.

The aim of this paper is to study certain classes of fields of the type (1) and
to investigate what new insight into physics can be gained. In Section 2, we
show that a Cartan-Euler field of type (1) essentially characterises the whole
dynamics of some mechanical system, A differential topological version of
Noether’s theorem, which extends to systems with infinite degree of freedom,
is thus obtained. Section 3 is devoted to the study of Aharanow-Bohm fields
which are related to the Aharanow-Bohm effect (v. Westenholz, 1973; Aharonow
& Bohm, 1959). In studying Aharanow-Bohm fields one is led to the concept
of path-dependent matter field variables (Mandelstam, 1962), which motivate
vividly an approach to Yang-Mills fields (which are generalised Aharanow-
Bohm fields) in terms of some curved geometry. As the differential geometric
structure involved will be some fibre bundle, it turns out, that, on a rigorous
level, strong interactions can be described with recourse to a formal correspond-
ence principle between fibre bundles and the Yang-Mills theory. This issue will
be developed in Section 4. Our Section 5 is devoted to a differential topological
version of Noether’s theorem for systems with infinite degrees of freedom.

This leads to a structural interpretation of currents within the framework of
fibre bundles and introduces Gell-Mann current fields which are of the type
(1). In our final section, Section 6, interacting quarks, represented by the
linkage of quantised loops, which are the topological Yang-Mills field com-
ponents, are analysed. Particularly for electromagnetic interactions, i.e. for
Aharanow-Bohm fields, the magnitude of the interaction constant

a = (e?fhc) is obtained.

2. The Cartan-Euler Field
A topological Cartan-Euler field can be defined by

©,c) &)

0 =pdq’ — H.dt€ F(T*M x R) (6)
denotes the Cartan 1-form and ¢, € C(T*M x R) the one-chain which corre-
sponds to the Euler extremal of the corresponding variational problem on the
evolution space P = T*M x R (T*M denotes the cotangent bundle). It turns out,
that the field (5) accounts for the whole dynamics of a system by virtue of

where
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Hamilton’s variational principle, which states that the integral of action
S = [, pidq’ — H.dt (which corresponds to the usual form f(7 - V).dt in
which this principle is quoted) has a stationary value for the natural motion
when compared with adjacent motions having the same end events.

The corresponding canonical variational problem is defined by the manifold
P=T*M x R, the Cartan 1-form (6), a differential ideal / C F(M) and an
integral manifold (Y, N) (Hermann, 1968). This leads, in terms of the adjacent

diagram, y=[a b]>MyEC,

¥ ¥= Loy, ¥ = Legendre transforn

~ L@ .. 4" G4y dn )=
y lﬂl id iﬁ 1 3 Ln oL

v
e bl R ——> M ———> L, .g"—- , ).
7 09 0qn
L is a regular Lagrangian,
Figure 1.
to the study of the behaviour of the functional
y=>1(v) = J. Loydt= § v*0 = 9 )
{a, b] {a,b] ¥, la,B]

which must be stationary.
Formula (7) is the abridged notation for

© 7 e bD> | o ®
¥, la.b]
The first variation formula yields the relationship
X _1df(L)le, =0  (Udenotes the contraction of df by
the vector field X) )]
That is, there is a unique vector field X satisfying (9) on T#M x R, called the
Euler vector field. The corresponding differential equations of motion are the
Euler~Lagrange equations. ¢, is the extremal of d6(L) (or equivalently of the
Lagrangian L) iff (9) holds. In summary:

A topological model for interacting mechanical systems is given in
terms of Scheme (1) of Section 1 by:
(1) The differential geometric structure of the evolution space
P={(p, g, )} = T*M x R in conjunction with
(2) the Gartan-Euler field (8, c;) where
6 =p;dg’ — H.dt

€1="7,[a, b]
and
(3) the Euler-Lagrange differential equations of motion
X _Jdo(L)l,, =0.

This model fully accounts for the dynamics of a system under the
influence of some force field w = F;. dg’ = —dV,
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Remark 3. On account of V= V{g), which represents the influence of a
potential, the interaction is already characterised without having recourse to
the linking number,

Remark 4. As shown by Gallissot (1951), Newton’s equations of motion
can be obtained from some Galilean-invariant exterior form, which in fact is
just the exterior derivative of the Cartan form (6). Indeed, let P=T*M xR =
R3 x R3 x R be the evolution space for a particle and

_NOH o oH B 9
op; 9q; 9q; Op; ot
then one has iyw = 0 for w =dp;dq’ — dH -dt. Moreover

Proposition 1 (Gallissot). Newton’s law of motion for a particle m
under the influence of a force field F = (F;) is given by

= = A )
ixw=X_Jw=0  where X_Zaxi+ Tt (10)
w= E (Si]' (m .dvi—Fidt) A (dxf — vl .dr)
(Galilean-invariant 2-form) 1

Proof. By virtue of the definition iy w = X*[9w/d(dx%)] we obtain:
ixw=0=>m.dvi —F' dt=(dx! —vi.df)=0

Expression (11) is related to Cartan’s form (6), since (11) yields:
w=mby dv’ A dxl — mby; v'dv! A\ dt + 8, Fidx! A dt
If dw =0, then w!=6,F;dx’ = ¥; F;dx! must be closed.

Since the first Betti number

BRI X RBxR)=0=3V: wl=3Fdxi=—dV

(1) = w = mbydvi A dx + 8, [Fydxi — mvl dvi) A dr
=mdv' A dx* + [~dV —mol dvildt
=mdvl Adx! —dH n dt
=dp;.dqg' —dHhdr =do(L),

since H=4{mvi2 + V, dH = mvidv’ +dV.

It has been emphasised in our introductory section that the differential
geometrical set-up is also well suited to dealing with Noether’s theorem. We
are going to analyse this point now.

Let a state of a system be defined to be a point of the cotangent bundle
T*(M) in the sense that giving such a state at one time determines the future
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time evolution of the system. More precisely: a state (g(2), . . ., g(2),
pi() . .. pu(1)) at a time ¢ > 0 is uniquely determined by

(a) a physical law U, € {U;|—o0 < ¢ < 40} (the dynamical one-parameter
group of the system), and

(b) thestate (g4(0) ... g0} ... p(0)) att =0,

That is, (q1(£) - . . £.(£)) = Ug 1(0) . . . p,(0)) denotes the state at # > 0 and
each (g(¢), p(¢)) lies on one and only one U,-orbit

OCD, q) = {Ut(ps q)'(ps q) eTM ﬁxed} te (—oo’ +°°)

This means that the points (p, g) € T*M are in one-one correspondence with
the Cauchy data for the differential equations determining the time evolution
of the system. Altemnately, a state of a system may be considered as a curve in
P=T*Mx R, that is, an integral curve of the vector field

oS D 2
—~0p; 0q; 0q; Op; Ot
That is, we have

Definition 1. A state in (T*M x R, d6(L)) is any maximal submanifold
¢ C T*M x R such that X _J d6(L)|, =0 V X.

In this context one can deal with problems admitting given groups of sym-
metries. Let P be the phase space and G any Lie group. Diff (P) denotes the
group of all C*~-diffeomorphisms of 2. Symmetry groups of some systems
shall be specified as follows:

Definition 2. An action of G on P is a group homomorphism G £ Diff (P)
such that the mapping

D:GxP>P:(g,p)~ vlg)p)is C™ (12)

Condition (12) defines a dynamical symmetry group of some dynamical system
characterised by a Lagrangian L iff G preserves the form «w = d8(L). Otherwise
stated

G is called a group of symmetries ¢ p*(g)wyg = ¢
i.e. G leaves w invariant. That is
Diff (P, w) := {p € Diff (P)lo*w = w} (13)

is the generalised symplectic group.
The infinitesimal counterpart to Definition 2 is

Definition 3. A vector field on P (i.e. Y € X(P)) generates a symmetry
of L (i.e. is called an infinitesimal symmetry of L) if

Y(do(L))=0 (149)
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Constants of motion are now obtained by

Proposition 2 (Noether). Let Y €dyy(g) C X(P) be a symmetry field
of L. Then there exists an observable f which is a constant of motion,
i.e. which is constant along the characteristic curves of d8(L).

Proof. Suppose $1(P) =0,
Y=Y _1dde)y+d(Y 1d8)=0
2d(Y _1d0)=0=3FfEFP):Y _1do =df =df(X)
=X()=Y 1 do(X)=d6(Y,X)=—di(X,Y)
=-X_1d8(Y)=0
when restricted to ¢ (formula (9)).
X()=0 (15)

Relationship (15) clearly characterises an integral of some system, i.e. a func-
tion f defined on phase space P such that f is constant on trajectories.

Remark 5. The conventional approach to Noether’s theorem consists in the
following statement: If G is any n-parameter symmetry Lie group, i.e.if G
leaves the Hamiltonian H € FO(P) invariant,

YQH=Houlg)=H (16)

there exists n conservation laws. For example the group of rotations SO(3)
induces symplectic diffeomorphisms on the phase space 7 R3 = R® which
yields the angular momentum L to be conserved. The relationship (16) is true
iff

LyH=Y(H)=0 VYEdg(s)Cx(®P 't

It is known (Hermann, 1968) that the Hamilton-Jacobi theory can be regarded
as the study of the characteristic curves and the maximal integral manifolds of
the Hamilton form )

w=dp;dg' —dH.dt=di(L) (18)

This amounts to saying that a geometric interpretation of the Hamilton-Jacobi
partial differential equation can be obtained in terms of the Cartan field
8 = p;dq’ — H . dt and the following

Proposition 3. If §(q, ) is a solution of the Hamilton-Jacobi equation
(8S/31) + H(g;, 8S/9q;, t) = O then there is an injection ¥ : N = T*M xR
which defines an integral submanifold of the Hamilton form (18). Con-

versely, if
Y*w=0 (19)
and
Hi(MxR)=0 (20)
=35: Y*0=dS 2D

S is a solution of the Hamilton-Jacobi equation.
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Proof. =’ By virtue of the adjacent diagram 2, where (g!...4"%,¢1...4%, 1)
denote coordinateson TM x R, (g* . ..q" p'...p" t) denote coordinates on
T*M x R, ¢ is defined on U x I, U C M open, by

(mxid)e(g,)=(q,1) and Y=20y
q'ovlg, H=4%q,1)  V*@)=a:
piovlq,)=piq,.t) VY*p)=p;

Cartan’s form 0 = p;dg* — H . dt implies
A
0% = Yp A Y¥dgs — WH A YRt = Sy — RH N
i

and toy=yFr=¢

as as as
=dS ——dt—-H© dt=dS—-(—'—+H( is ))
ot v ot a dg; t))dt

= y* =45 = ¥ = y*w=0
i.e. (¢, N) is an integral manifold of w.

TMxR —Z> T*Mx R

lnxid lwxid
ol MxR —%> MxR ¥

b

UxI ., xI

Figure 2.

The converse problem amounts to showing the relationships

: a8 3s
(g*. t)=— —t Oy =0
pdq’, 1) P and = ¥ (22)
to hold. In fact

U*d0 = dy*0 =da=0, H \UxD)=0=3S:a=dS a€EF!

as as
= Y*0 =dS=—dq; + —dt = 2 p;dq; —HOo Y dt
ag; ot
Discussion. In our quest for an integral submanifold map N C T*M xR,
ie. ¢ : N> T*M xR of the form w = dp; A dg* — dH A dr we find that

(a) N is the submanifold defined by S = constant and that

(b) the physical component of the Cartan field (8, c,) is determined by the
cohomology group H. According to our introductory remark 2 this is
just another way of relating the Cartan-Euler field to the differential

geometric structure of P, i.e.

H\UxD=0

v .Ninjection T*M xR } = Y* =dS (23)
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3. Aharanow~Bohm Fields

Aharanow-Bohm fields (hereafter referred to as AB fields) which are related
to the AB effect (v. Westenholz, 1973; Aharanow & Bohm, 1959), display
significant topological features and are therefore well-suited to the aim of
treating interacting fields of the type (1) in a unified way (cf. Section 6).

The topological character underlying the AB effect is due to the following
facts.

(1) In the idealised AB effect (cf. adjacent Fig. 3), the path dependence of
the wave functions, which are solutions to Schrédinger’s equation in the
presence of a magnetic field, is given by

YX)=¢03) exp( ie f A. df) =Y .9(%) exp(ie j wl) i=1,2 249

path{

1

(9 , denote the wave functions for the upper and lower beams, respectively,
in the absence of a magnetic field in the solen01d) Interference patterns are
created which depend on the integral $A4.d%={ ¢, w!around the closed circuit
¢1€ C{(R? — D,) (space of 1-cycles over R2 — D,, the plane minus a disk D,;
the z-direction is dropped along the axis of the solenoid), when the beams are
recombined at P. ¢y may be written formally as a linear combination

(SR }\10'1 +7\202, ?\iGR.

incoming
electron beam

Figure 3.

(2) On the multiply connected physical space R2 — D, of the AB effect
the Hamiltonian is not essentially self-adjoint and therefore does not serve to
define the dynamics. Therefore, the mathematical model of the corresponding
configuration space is necessarily topologically different from R? — D,.

These aspects regarding the AB effect are well-suited to dealing with path-
dependent field quantities, also in quantised theories. Mandelstam (1962) has
shown that, within such a scheme, Quantum Electrodynamics can be formu-
lated without unphysical states and indefinite metric.

From physical arguments, AB fields are introduced as fields of the type (1)
within a topological model which consists of (v. Westenholz, 1973):

(1) a configuration space M which corresponds to a dynamical AB
system;
(2) an AB field and its dual field, given by
11 . . ,
( ) w? =E,~dx’ Adx0 + *Hi]»dx’ Adxl (25)
and
*w? = H;dx' A dx® + *Eydx A dx7
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and

(3} the simply connected cotangent bundle T#3 over M (which accounts
for the quantum mechanical properties of AB fields) and the
canonical structure on T*M.

The AB field (25) is characterised as follows:
Definition 4. An AB field is a pairing

(whep @7
where w!=Z, A, dx*, x%=const. u € {0, 1, 2,3}, ¢4, € Cy(R2 - D)),
such that
w?=3 Fu,dx*dx”|=0 if *Hy;dxi n dx/ € FH(R? — D,)
#0  if supp (*Hydxidx7) C D, (28)
x0 = const.
w? =dwl (29)

Remark 6. The dual AB field will be specified in Section 6 only.
As regards the canonical structure on the cotangent bundle, it is given in
terms of the diffeomorphism

¢:T*M—>T*M:p—>p+§—A (30)

The corresponding canonical system accounts for a canonical formulation of
the dynamics of charged particles in terms of the symplectic structure

(T*M,dB),  where §=p.dq, E=p+§A (31)

AB fields are of particular interest, since, within framework I of Section 1,
they can be introduced to explain the virtual quanta of electromagnetic inter-
actions (cf. Section 6). Moreover, AB fields provide, within framework II, a
consistent mode] for the AB effect. This issue will be summarised only (cf. v.
Westenholz, 1973). AB fields enjoy the following properties:

Property 1. Let H(R? — D,) and H{R? — D,) denote the first homology
and cohomology groups of R? — D, respectively. Then, by virtue of de Rham’s
first theorem, there exists a non-degenerate bilinear mapping

8: HYR2 — D,) x H{(R? - D,) > R,

A
(whep~ | “’1=7}§=A‘9 (32)
€y

which assigns the phase shift A9 to the AB field (w1, ¢).
Property 2. The gauge transformation of AB fields, 4, = 4, + 3,9(x) is
given in terms of

WL € {WIEH(R*\ D)@ w =w+dd  withdw=dw =0 (33)
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such that
E{w'= !w+}‘d19=>!w'=!w (34)

holds. The gauge transformation property leads automatically to cohomology,
which is clearly not the case for any Maxwell field. Therefore, formula (33) is
just as good a definition of an AB field as Definition 4.

Property 3. AB fields are ‘quantised’ fields by virtue of
G)lzh—.(i\g—ﬂ)=d§EF1(T*M) where ¥ = g e/ S/M)
2\T Y .. (39

= d; 0 e‘l(Sm)
This property characterises the AB effect as a quantum effect on a simply
connected cotangent bundle T#M.
Property 4. On T#M the following holds (unitsfi= ¢ = 1):

&= Agdxk=dS (36)
We have thus proven the following

Proposition 4 (v. Westenholz, 1973). The AB effect may be described
in terms of the following topological conditions: There exist fields of
the type (1) which satisfy the properties:

(1) H{WVYx H{(N") »R : (w', cp) ~ J. w! =%§ N'=R?>_-D,

5

Q) wLw' e{wleH VYo wl'=wl+dd dw=dw' =0
.y € o~ om
3) w1=;Akqu=dS

(4) dS =2 @UI¥ - dyi¥)

These fields describe the AB effect as quantum effect by virtue of the
following statements:
(5) The functions which belong to the quantisation condition (4) are
of the form

b= voerp(i3 Je PCTEM)

and the Bohr-Sommerfeld rules are associated with the energy
level constraint surfaces

dS(I(TEM)) C TEM (37

such that
(6) the condition

jd§=jds=nh

@.c c

holds.
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Discussion. On T*M the Hamiltonian will be essentially self-adjoint. The
foregoing study exhibits the existence of physical principles underlying the
necessity for making the field variables of a gauge-independent theory path-
dependent (Mardelstam, 1962):

X
¢ (x,7) =9 (x)exp (“53 )‘ dx*. Aﬁ) v: [0, 11> M#* is differentiable
¥

= p(x) exp (——ie j- wl) (38)

These quantities do not depend on the gauge selected for A4,
i.e. the transformations
@ > eied), > . e iedx)
oY
Ag > A+ —; 39
ol 4 ax}; ( )

leave the matter field variables (38) unaltered, since

?'(x, 7) = @' (x) exp (~ie J- wl') = ¢'(x) exp( —ie j (wl+ dﬁ))

€y
= ¢'(x) exp( —ie f wl— ieﬁ(x))
<
Since

f ds=90(x) . ¢(x,7)=¢x)exp (—t’e j w! )exp (—ied{x))
¥

¢y

= ¢(x) eXp(—ie j w‘)= ¢(x, 1)

As far as the electromagnetic field variables are concerned, the appropriate
gauge-invariant quantities are the electromagnetic field strengths £}, = 9,4, —
9,A4,,. Derivatives of ¢(x, ) correspond to the ‘gauge invariant derivatives’ of

o(x)
9,4(x, ) =[ ( é—)% - ieAM) w(x)} exp( —ie .[ wl) (40)

1

where
[3 3,)0(x, V) = —ieFuy(x)p(x,v)  c1€ECM) (41)
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To summarise: A description of charged particles interacting with the electro-
magnetic field within the AB-Mandelstam framework enjoys the property that

path dependence of the field variables amounts, by virtue of (41), to
saying that in the presence of an electromagnetic field the space appears
to charged particles as curved.

4. Yang-Mills Fields

A rigorous description of interacting fields can be obtained by means of a
formal correspondence principle between the Yang-Mills theory (hereafter
referred to as YM) and some principal fibre bundle P(M, G) over space-time M
with structure group G. A motivation for such an approach where interactions
manifest themselves through curvature properties of a bundls is given mainly
by Einstein’s geometrical description, which uses the curvature of the ‘external
space’ M* to describe relativity theory and partly by Mandelstam’s approach
to field theory as described in our Section 3.

The conventional phenomenological approach to YM fields is the following.
The elementary particle fields, which occur in multiplets, are subject to a trans-
formation law

Yolx) = UsfPp(x) (42)

in the internal space. Yang and Mills considered multiplet fields Y(x*), x* € M,
subject to gauge transformations U(x*) belonging to some gauge group G.
Consequently, the extended gauge transformation law is given by

Vo) = UbCe)¥p(x) “2)
If some Lagrangian is invariant under equation (42), the requirement of in-
variance under the wider transformations (42") necessitates the introduction
of a new field By, called YM-potential, subject to the gauge transformations of
the second kind. This field must be coupled to the matter field ¥, only
through the replacement 3.y, > (O — leBy) Yo (X).

This issue has been formulated in a more general fashion by Utiyama (1956),
whose approach is the following: Consider a system of fields Y@(x) which is
invariant under some n-dimensional transformation group G. Suppose G to be
replaced by a wider group G', derived by replacing the n parameters by a set
of arbitrary functions of x € M. Then the following problem arises:

(1) What kind of field, A(x), is introduced on account of the invariance?

(2) How is the new field transformed under G'?

(3) What form does the interaction between the field 4 and the original
field ¢ take, i.e. how can one determine the new Lagrangian L ,(y, 4)
from the original one, i.e. from L({)?

(4) What kind of field equation for A(x) are allowable?

More specifically: Consider a Dirac spinor field which interacts with an external
electromagnetic field. The total Lagrangian takes the form

L=Lo(¥)+Lo(Ay) + LY, 4) (43)
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where Lg(4,,) is invariant under the gauge transformation
Ay~ A, + 0,0 44)
and Ly() is invariant under the transformations
b > eledy (45)

If we now require that L be invariant under equation (44) and the gauge trans-
formations ¢ > e?¢¥&)y simultaneously, L (¢, 4,) is determined uniquely
provided we replace in Lo(¢) the differential operator 8, by the gauge invariant
derivative

Oy > Oy — ledy (cf. equation (40), Section 3) (46)
The interaction term is found to be
Li=e. Jy*yd, =j* Ay | “7)

describing the influence on the Dirac field ¥(x) exerted by the electromagnetic
field Au(x). The coupled field equations are:
[0y — led)]Y =my (48)
and
OA4* = Fh = anj# (49)
where dyj* = 0,

Summary. The form of the interaction has been determined by the
requirement of gauge invariance of the second kind, or, more generally,
the form of the interaction between some fields can be determined by
postulating invariance under a certain group.

Remark 7. The Lagrangian (47) expresses the principle of minimal electro-
magnetic interaction, which states that all charged particles have only current
type interactions with the electromagnetic field 4,,.

The aim of our Section 4 is to provide a rigorous description of Utiyama’s
approach.

Let P(M, G) be a principal bundle over space-time M = M* with structure
group G and connection form &Y. The group G is regarded as the gauge group

{YM group). For any non-vanishing cross-section s : M - P we introduce the
quantities

wl= A= s*dle F(M) (50)
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(s* denotes the ‘pull-back’ mapping to 5)

w?=B=5*Q2 € FM) (51)

where

Q2=dw + 1w, w] (52)

denotes the curvature form of w.

Formulae (50) and (51) represent the YM-potential and YM field respec-
tively. In local coordinates (x*) we have

wl=3 A, dxk (50"
and
w?= 3 By, dxtdx” (51"
where
4, L
Bl = o~ g~ CBoAL — A4, (53)

denote the components of the YM field (51) (c$, are the structure constants
of the holonomy algebra (cf. Proposition 5 below).

To establish a formal connection between the YM description (in the sense
of Utiyama’s programme) and the fibre bundle approach, we introduce a topo-
logical YM field, which is of the type (1), as follows:

(@ cpw! =2 Audxt, 1 €Cy = {717(0) = ¥(1) = xo}

(set of loops with base point xo €M) (54)

The principle of minimal interaction can now be expressed as follows: Consider
the fibre bundle E(M, F, G, P) = E associated with P with standard fibre F. On
the product manifold P x F, we let G act differentiably on the right by

@, Ng = (pg, g7Yf) and let the quotient space of P x F by this group action be

E=(PxF)/G (55)

Furthermore, let X = (8/0x*) € X (M) be a C=-vector field on M and ¥ € [(E)
a cross-section of E. Then the covariant derivative V x of ¢ in the direction



406 C. VON WESTENHOLZ
of X can be written as (v. Westenholz, 1972; Trautman, 1968)

0
Vb = Voppes. b ~{ o A )9 =V 0 (56)

Vuwa = aud/a - w‘ﬁawﬁ (56’)
(cf. v. Westenholz, 1972; Trautman, 1968; Hiley & Stuart, 1971)

This is the familiar rule of ‘minimal interaction’, i.e. relationship (56) may be
used as a basis for introducing interactions between charged particles and fields
of the electromagnetic type (i.e. also YM-potentials).

Remark 8. The gauge covariant derivative of a matter field (56") may be
used to define the quantities

d‘l/a =dx*. V/ﬂl/cx = wgu‘pﬁdx“ (57)

which constitute the difference between the field values of a multiplet that has
been displaced in a parallel fashion from x* to x# + dx*. That is, the gauge
potential w! provides a gauge invariant definition of equivalent, i.e. parallel,
multiplets at neighbouring events in terms of the relationship

Yol +dxk) — Yook = By gdxt (58)

Remark 9. Formula (56) is related to the horizontal lift of the vector field
X = (3/0x¥) € X(M*) to P(M*, G)}in the following way: Consider the canonical
basis (e, €,%) = (€,) of the tangent space T,(P(M*)) to p €P. Clearly
dne, =e, = (a/ax“) {e,} is the canonical basis of T (M) and dre,* = 0, where
the projection 7 is glven in local coordinates by (x, @,*) = x*. A basis of the
horizontal space H, is then given in terms of

X, =o€, =€, —Thee= P Thxax’ 6qa;\u (59)
and this is the horizontal lift of 8/0x¥, since
d'trX =dne, — dn(Tjce, ) =€y — Tl dn(e,) = ey = 82“
It can be shown (Hiley & Stuart, 1971) that (59) takes the form
X,u aa — ieA,PE, (60)

where {E,} is a basis of the Lie algebra g of G. Therefore, roughly speaking, it
turns out that covariant differentiation corresponds to Lie differentiation as
displayed by Proposition 1.3, p. 116, of Kobayashi & Nomizu (1963).

Remark 10. Within the correspondence principle between the YM theory
and the fibre bundle approach, it turns out that the gauge invariant derivative
(formulae (40) and (46)) is nothing more than the generalised covariant deriva-
tive in the bundle E.
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As regards the matter field which interacts by means of (56) with the electro-
magnetic field, it is defined by the transformation law

¥'(x) = Ux)v(x) (61)
where U(x) = p(g™)) for some g € G, that is, U{x) is an element of p(G), the
representation of G, on the standard fibre £, U: M = p(G).

Example 1. Let M be space-time, G = SO(2), i.e. P = P(M, SO(2)) and let
2:80(2) > U(1) = {e!®, a mod 27}, i.e. SO(2) acts on the standard fibre Cof
the bundle E = P x C /SO(2) associated with P. The gauge transformations of the
first kind are given by U: M - U(1), U(x) = e/¢%*), They act in the set of
cross-sections of E by

¥'(x) = e H0EY(x) (61

The field ¥ can therefore be interpreted as a matter field which describes
charged particles. Since the gauge group is a one-parameter Abelian group,

%, = 0 and relationship (53) becomes (53"), By = Fjup = (84,/0x7) — (34,/3xH),
which is just the electromagnetic field tensor.

Remark 11. By virtue of this example, electrodynamics can be regarded as
the theory of an infinitesimal connection in a principal fibre bundle with
structure group SO(2) as pointed out by Trautman (1968).

Example 2. Let M be space-time and G = SU(3). The fundamental represen-
tations of SU(3) are D3(1, 0) and D3(0, 1) and

D3(1,0) ® D0, 1)=D%1, 1) ® DX0,0),

where D8(1, 1) is the eight-dimensional adjoint representation of SU(3). For
the corresponding spinor field ¢ : M - C 4, which classifies, say baryons, we have:

V)= S USex),  USEASUG)=DY1,1)  (61")
=1

Remark 12. The Ambrose-~Singer Theorem (Ambrose & Singer, 1953) proves
that the curvature form of the bundle connection spans the Lie algebra of the
restricted holonomy group ¢, , i.e.

Ul =8+ flgaw dxt dx? (62)

where (Qa") denotes the matrix of the curvature form 22 and
Q=73 Q. E® {Ef:a,B=1...m} (63)
a’B

constitutes a basis of ¢.
In the case of Example 2, where

G=SU(3) (64)

such a basis is given by AP, which are the eight traceless Hermitean Gell-Mann
matrices.
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Proposition 5 (v. Westenholz, 1972). Let P(M*, &) be the principal
bundle over space-time with structure group G, &1 its connection 1-
form and 22 the curvature form of &L

Then the following holds: (1) The fields
(wl, ¢y), wl=4=73 A4, dx* € F\(M*),

c1 € Cx, = {7l17(1) = 7(0) = xo} (66)
and

(Wey), w?=B=73 B,,dxtdx” 67

can be regarded as being derived from the structure P by virtue of
s*Q1= wland §*62 =5%Q2 = w?, s : M~ P(M?) is a cross-section.
(2) The YM field (66) interacts with a matter field of charged particles,

YolxH) = UpPoe ) o) (42)
by virtue of

Vb= ( aa“ z'eA“)x,f/ (56)

which is the pnnc1pie of minimal coupling. (3) The topological field

components ¢y € C1 (M) of the YM field (66) determine completely
the interaction symmetry.

Proof. With each loop y; = ¢ € C, is associated the parallel displacement

V> Ty T Hx0) > xo),  Ty(pR) =Ty, ()EVEEG, pEP (68)

These automorphisms {r+;} of the fibre Fx_=7"Yx) can be shown to be a
group, the holonomy group of the connection (v. Westenholz, 1972). The
unique horizontal lift of the differentiable path y: [0, 1]~ M?* beginning at
p € 17Y(x,) is the integral curve of X, i.e. we have

T Re) =1 a —ieAE,  (cf. (67) (69)

Therefore, the gauge-invariant derivative (56) is determined by the field com-
ponents ¢;’ € C;°(M*)of (66). These field components obviously also determine
the transformations of ¢, . ¢, in turn characterises the minimal interaction
through (60) and (62).

Remark 13. Formulae (68) and (69) display how the YM fields, (66) and
(67), are associated with the geometrical structure of P(M, G), i.e. the inter-
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action with the matter field (42) is mediated through the topological com-
ponents c 4. On the other hand, if the matter field is parallely transferred
around some loop 7y € C, (cf Remark 8) then upon return to x it will, in
general, differ from its or1g1na1 value due to the non-integrability of the bundle
connection, i.e. by virtue of

Vsz} ‘1{’& - Vvvp’aﬁ'ce = ﬁgﬂv ‘}/6 (70)
that is
04, 04°*
[Vir Vil ={ ax‘; — a—;; — C&,(A,%4,° — A,PA,9)|Ey = BREy  (71)

This operation of parallel displacement around v induces the linear transforma-
tion

Yo l6H) = UfOc)Pglx) (42)

This transformation law defines a quark. Since (42) is induced by the ‘homo-
logous’ YM field component (66) it is quite natural to interpret a quark as an
elementary loop ¢ € C,0 of a YM field. In particular, quarks may be viewed as
quantised elementary loops (Jehle, 1971), but only when interinked with

other loops (cf. Section 6).
Remark 14. If the restricted holonomy group ¢y is given, one can always

determine the topological field component el=7; of a YM field (wl, )
such that y; = 7; € ¢y, .

Remark 15. The local symmetry group ¢, isan internal symmetry. A
necessary condition for the minimal couphng to be ‘switched off’ is

bx, =1 (72)

0

i.e. the local symmetry is trivial (refer to Section 6).
In order to achieve this rigorous approach to Utiyama’s programme it re-
mains to find the field equations. These are

d*B = 41w? (73)

the YM equations, where *B is the field which derives from the dual curvature
form *£2 and

=jodxldx2dx3 + ... +j3dxOdx dx? (74)

denotes the 3-form which stands for the conserved current

oL
Ju= au(a_wa)’)'a (75)
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In particular, if G = SO(2), equation (73) reduces to Maxwell’s equations
. . 1. 1
d*w? = 47j, jh= (P; ‘c‘ l), *Fup = ; €uvpolpo (76)

In order to reformulate, within this framework, both coupled field equations
(48)-(49) one must have recourse to an appropriate variational principle. This
will be published elsewhere.

5. A Differential Topological Approach to Noether’s Theorem:
The Topological Gell-Mann Current Field

Noether’s theorem, connecting one-parameter groups of symmetries of a
variational problem and conserved currents, is fundamental in field theory.
The adequate mathematical approach to the study of symmetry properties of
a system is given in terms of groups of automorphisms, i.e. of transformations
which carry over the system into itself. If a system is invariant under a certain
group of transformations then from this symmetry property there follows the
conservation of certain dynamical observables of this system.

In the phenomenological Lagrangian formulation such conservation laws
are obtained as a consequence of the transformation properties which some
Lagrangian must undergo, namely that it transforms like a scalar under some
transformation group:

L), §,u6) = L), ¥,ux)) (77
As a simple example suppose the transformations
Yo ePY, (78)
and
¥, e i, 79
to leave unchanged the Lagrangian L = L({, 9,¥). It follows that
oL al
)= o ( AR %) (50

is the conserved electric charge current density, i.e.
3u*=0 (81)

Equation (80) then defines a constant of motion, which is given to be the total
charge

0= [ P@dx (82)
x°=const

in agreement with the one-dimensional Abelian Lie group (78), i.e. (79), and
thus satisfying Noether’s theorem.
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Our subsequent approach to Noether’s theorem is aimed at a differential
topological version of the basic statements relating properties of invariance to
conservation laws.

Remark 16. Our differential topological approach to Noether’s theorem for
systems of infinite degrees of freedom is modelled after a modified version of
Proposition 2, i.e. Noether’s theorem for finite degree systems:

Proposition 6 (v. Westenholz, 1973). Every infinitesimal symmetry of
some Lagrange form generates on every state a conserved current.

Proof. Let X € X(P) be an infinitesimal symmetry of a Lagrangian n-form
w, i.e. X{w)=0. Set

a=X_Jw (83)
for any state ¢ (Definition 1)
2do=d(X Jw)=X _ldw - X(w)y=X Jdw
=dal. =X _ldwl.=0 (84)

Formula (84) states that (83) may be viewed as a conserved current. Proposition
6 provides an important representation for global observables in terms of the
functional

e, X Jw)= jX_]w=f(c,X) (85)

Questions related to invariance properties of Lagrangians which characterise
systems with infinite degrees of freedom can be associated with jet bundles
(Hermann, 1970). We recall the construction of the bundle JE) of 1-jets
associated with the fibred manifold 7 : £ - M. Consider

MxTEY={(x,s): xEUCM, sET(E), s: U~E}

and the equivalence relation #, defined by

(x,5)=(x",sYmod #e D,s=D,s (D stands for the derivative)

Letj: M x I{E) = JYE) =M x T{E)/& be the canonical map of M x I'(E) on
the quotient M x I'(E) by Z. The set JY(E) admits a natural structure of differ-
entiable manifold, such that the map 7: JYE) ~ E, 7(j(x, 5)) = s(x) is differenti-
able and n'= 7 07 : JY(E) > M is a differentiable bundle. This is summarised in
terms of the following diagram:

T (EMY) —— EM*)

"

M4
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Assume now that M* is orientable and let dp = dx® A . . . A dx3 be a nowhere
zero 4-form on M* and let

L:JY E@M) ~ R
O, Yo duVe) > Lx¥, Y, au‘pa) (86)

be a real-valued function, the Lagrangian, defined on JY(&), where a coordinisa-
tion is supposed to be given in terms of (x¥, Y, 9,¥,). A first approach to
Noether’s theorem, due to Hermann (1970), can be outlined as follows. Con-
sider the Lagrange 4-form

&t = Lut* dp € FHJNE)) 87N

Define an infinitesimal symmetry of L to be a vector field X € X(E(M*)) which
has a first-order prolongation X! € X(JYE)) such that

XY Ln'%dp)=0 (88)
holds. Then Noether’s theorem states:

Proposition 7. There exists a vector field Y €% (M*) such that
d(Y _1dp) =j4s)*X 5% =0 89

provided X! constitutes a symmetry field of L. j¥s): M A>T (E)isal-
jet of the extremal s.

A proof of this proposition can be found in Hermann (1970).

Remark 17. A vector field on JYE) is a first-order prolongation of some
Xex(E),if X(E) > X(JUE)): X > X' is a Lie algebra homomorphism.

By virtue of relationship (89), Y _I dp can be interpreted as a conserved
current, i.e.

Y ddp=c?=jodxldx?de®+. .. +j3dx0 dx'dx? ©0)

which is just (74). By virtue of (75), 7, = (0L/0¥ 4 w)Yalx), 9%, = 0, it turns
out that this divergence-free 4-current, which corresponds to (90), entails the
condition

dw?=0 on

to hold.

An alternate approach to Noether’s theorem is given as follows: Let
s : M* > E be a section of the bundle £(M*) and ¢, : £ — E be a one-parameter
family of automorphisms of £ such that

TO@Y =g Om 92)

where ¢, : M* - M*is a family of diffeomorphisms of M*, whose infinitesimal
generator is Xy Suppose that the families s, and ¢, preserve the action

Lo,y (1) = Tuds) 93)
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where Iy7(s) = [, L(7,(s)) dp. U C M? is a compact set,

of L (j1 () dp) = L(j1(s) dp %4)
where §; = ¢; 05 O o7 L.

This leads to the following (cf. v. Westenholz, 1973; Goldschmidt &
Sternberg, 1973):

Proposition 8 (Noether). Let s be an extremal and suppose that u;is a

one-parameter family of sections of J{E) with ug = u =j(s). ¢s is 2
one-parameter family of diffeomorphisms of the fibred manifold E(M%)
which preserves the action (93), i.e. which satisfies (94). Then the 3-
form

L(j1(s)Xpy Jdp +u*(X 16) (95)
on M* is closed, where Xy = (do /dt)|s=0 and X = (du,/dt)|s=¢.

Proof. Set u; =j(sy), then by Lemma 1, below, j (s)*0 = L(j,(s;)) dp = u;6
by (94), oFu¥6 = u*8, where u = j{(s), therefore

d
77 $HuFOle=o = do*(Xar 1 u*0) + o*(Xpy 1 d(u*0) + ¢* [du™(X 1 6)

+u*(X _1df))

= o*[d( Xy Ju*0) + (Xpr J u*df) + du*(X 8)+u*(X _1do)]
=0

u*df = 0, since u* df € F5(M*); u*(X _1 d8) = 0 since s : M* = E is an extremal
by assumption.

d(Xpr Ju*0) +du*(X _16)=0 and u* =LGs))dp (96)

Lemma 1. There exists a unique differential form 6 of degree 4 on

JYE) such that

J)*6 = LG (s))dp 7
for all sections s of E(M#?), where x = j(s)(x) is a differentiable section
of JHE).

For proof refer to Goldschmidt & Sternberg (1973).
Remark 19. The differential form @ of Lemma | generalises, within the
framework of jet bundles, the Cartan form (6), 8 = p;dg’ — H .dt, on the co-

tangent bundle (cf. Section 2). Moreover, the relation between this generalised
Cartan form and the functional

s> I(s) = j u*g (98)

is just a generalisation of the functional (7) of Section 2.



414 C. VON WESTENHOLZ

Discussion. The Jet-bundle formalism also fits the principle of minimal
interaction (Section 4). Therefore, Noether’s theorem can be, in principle, re-
stated for gauge invariant theories, i.e. the theory of YM fields, on account of
some modifications. In fact, suppose E(M*) be the associated vector bundle of
some principal bundle P(M*, G). Let L : JYE) = R be a Lagrangian on J(E).
The principle of minimal interaction leads to the following bundle isomorphism

a:JYE) ~JYE) 99)
such that
a¥(L)(j1()(x)) = La(j1 () jols, x) ETHE) (160)

where o* : FP(JY(E)) ~ FP(JY(E)) denotes the dual map of the smooth mapping
. In terms of this set-up it can be shown (Hermann, 1970) that the Euler-
Lagrange operator associated with the Lagrangian o*(L) differs from the usual
Euler-Lagrange operator by the term 8, — ied,,. That is, if one takes a Lagran-
gian of the form L = f,(¢)dqu, then

Oullan) ~ La= 1o o]~ B ®Pus) (101

becomes

(B0 ~ o @ENIGy — feA)ogE)  (10D)

We now describe the construction of the conserved observables which are
associated with Noether’s theorem. Constants of motion, such as the total
charge (formula (82)), arise within a differential topological framework in the
following way: Letc3 C M4, ¢3 € C5(M*) be a three-dimensional submanifold
of M*. Then, according to de Rham’s theorem, there is a non-degenerate bilinear

mapping
B H(M) x Hy(M) > R (103)

(@ e3> fls,e3 )= [ wi= REL” (104)

Definition 5. The pairing (103), (w3, ¢3), w3 eF 3(M*), c3€é3(M4), is called
a topological Gell-Mann current field. The quantity (104), f=f(s, c3, Y),
denotes an observable which is said to be associated with the Gell-Mann
field (w3, ¢3).

Remark 20. The cohomological component of the Gell-Mann field (103) is
the conserved current w? given by formulae (90) and (92).
Remark 21. The Gell-Mann field (103) is a topological field of the type (1).

Proposition 9. Observables which are associated with Gell-Mann current
fields are constants of motion.
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Proof. Let c3 and ¢ be submanifolds of M* which cobound, i.e., are the
boundaries of the four-dimensional region ¢4, then
J.oﬁ— j‘ w3= I w3= j w3'—"f dw3=0
c? ’ e3¢} 3¢, Ca

= f(s,c5, V) = f(s, ¢’ ¥) (105)

Remark 22. The observable (105) is the field theoretic counterpart to the
functional (85) of finite degree of freedom systems.

Remark 23. The conservation condition (89) d(Y _i dp) = 0 of Proposition
7 ensures that an observable f of the type (104) does not depend on the choice
of the ‘Cauchy data’ submanifold ¢3 C M*.

in particular, choose ¢3 as the submanifold x4 = const., then

(w,c3)> 0= jwo(z,x)dxlmx2mx3 (106)

which is the charge generated by the current w? (cf. (82)). Assignment (106)
is to be regarded as a generalised charge. Now, if the Gell-Mann field corre-
sponds to the YM group SU(3) then this generalised charge is given by

(@3 c3) > Q=ell3+1Y) (107)

(Y denotes the hyper-charge and 75 the three-component of the isospin).

The Gell-Mann current fields provide a structural interpretation to the
currents that arise in the YM theory. Generalised currents that generate the
generalised charge (107) are defined by the YM equation (73), d*B = 473,
which exhibits how the cohomologous Gell-Mann field component is related
to the dual YM field *B. Within such a structural analysis of currents it turns
out that the currents defined by (73) span the Lie algebra of the holonomy
group @, , i.e. this Lie algebra consists of all linear combinations of the quanti-
ties Q8,0 VA, VoV A28, . . . Since forces or interactions are supposed
to manifest themselves through the curvature properties of some principal
bundle, our approach to (strong) interactions is consistent with the following
conventional interpretation, which says:

Fundamental objects for strong interaction physics are not the fields
¥(x) but the currents j# which mediate the interactions by virtue of
the principle of minimal interaction and
(a) the Gell-Mann current field (w3, ¢3) in conjunction with
(b) the Yang-Mills equation d*B = 4nw3.
The underlying geometrical structure is a principal bundle of the type
P(M, SU(n)). :
Remark 24. The charge assignment (107) can be understood in terms of the
commutators ({E,f: a, §=1 ... 8} is a basis of g(SU(3))
[Eu® EgM = 6B, — 8, MEg®  whichimply — Ef=I3+4Y
E 22 =—J3+ %Y
E 33 =-Y etc.
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6. Non-Local Field Theoretic Description of Interactions

The purpose of this section is to study, within the framework of the preced-
ing five sections, in more detail how interactions which correspond to an inter-
action Lagrangian L;(Y, A,) = ef*4,, and, more particularly, effects of such
interactions, such as ‘dressed’ and ‘bare’ charge, virtual quanta (photons) etc.,
must be described.

What is now the exact meaning of interaction if the fields involved are topo-
logical fields of the type (1)? As such fields are related to topology, it seems
quite natural to define interaction in terms of the topological linking number
of the topological components of the interacting fields. More precisely, let the
basic set-up be given in terms of fields (w{l, ¢ 1Y), (w4, ¢4?), - - ., (wyl, ¢™). To
start with, we confine ourselves, however to the case of two fields, say the
electromagnetic field (o, ¢1!), wi' = Zy, A, . dx¥, which interacts with the
matter field (w5}, ¢,%) whose topologlcal component 12 € &,(M) represents a
basic unit of particle physics (Remark 13). Then the topological interaction
scheme consists of

(Ia) A topological interaction description in terms of the linking num-
ber I(c4Y, ¢4?) of the quantised loops ¢¢! and ¢42

(Ib) A “total’ field which accounts for the principle of minimal coupling
and the corresponding equations of motion of the fields.

(II) The property of non-locality. There is a formal correspondence
principle between the non-local AB fields which account for the
quantisation of the loops ¢ and the virtual quanta involved.

This topological approach provides an estimate of the electromagnetic inter-
action constant a = e2/fic.

Remark 25. The principle of minimal interaction introduces a “total’ field
in terms of the action integral

I=fj“.AMd4x = f (eAy + us’Fi,) dxk = ~[cu‘,w‘EFI(M“)

(Voros, 1972)

Remark 26. Let (w5}, ¢42) represent some matter field. According to
Lichnerowicz (1964) one can always construct a spinor field Y = Scoyt which
defines the corresponding interaction quark by ¥, = U 8¥; (cf. formula (61)).

Remark 27. All local relativistic field theories with interactions are divergent;
‘renormalisability’ then expresses the fact that when the observable quantities
are re-expressed in terms of the ‘renormalised’ charge and mass, no divergences
appear. In order to circumvent such ill-defined concepts, one might argue that
amore correct field theoretic approach to interaction should be non-local in
character.

A description of interacting topological fields may now be given as follows.
Let f: §1—> R3 be an imbedding such that f(S) = 8M for the compact oriented
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Figure 4
2-manifold with boundary M = ¢, (cf. Fig. 4) and S1= {z :|z| = 1}. Let g: S1>R3
be a map such that whenever
g)=pEM (108)
one has dg/dt ¢ Ty, f and gare supposed to be C*-maps and g(S*) N f(S1) = ¢.
Now define the map Xrg=X:S!x St>82CR3— {0} by
gls) — f@t
5, )=
X5 0= gy = 7)1

= £ and degx = I(f, g), that is, the degree of the map ¥ is by definition the
linking number of f and g. Then the following holds

Proposition 10. Suppose f = S to be a steady current-carrying loop.
Then the circulation around the loop g = g,S! is the quantity

I(f, g) = f Hd.dx (109)

d—L
¥ 2.5
where
N x) X d
g 7 H=HE)=- J(y ) 2 (110)
Figure 5
denotes the total magnetic field at X € R3 due to the current/ = —e/7
inf.

Proof. Since I(f, g} = deg x and [ x{; = deg x [ w f;, w = 4n. We have to
show that

z(f,g)=zl;; f = Hg(g(s ;()r)t ds.dt  (111)
Six st
where
g1(8) — f1(1) g2(s) —Fat) g3ls) — f3(0)
A(s, )= g(s) P20 £5(5) (112)

f1(®) £® 0
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thatis fori #j# k.

A, t)=— .? (1 gils) — FO) g () — &x@)F (0] (113)
It is readily seen that the right-hand side of (111) equals (109), for

e M Pieg) =i

Now w' = Z2-; (—1)1¢; d%; diy is the element of volume of §2 and
w=w'f||t H3 the elements of volume of R3 — {0}

o1 (35 @_&1 )(ask 3%
z( 1y 1&( ds—rdt || ZFds+ =2 dt)

= x¥F=

llé(s, ik
by virtue of the definition of £(s, r) = g(s) — f(t)

= X*e = > 1 *¥els) — file »[

0% 05 08k 0%
ot 0s ot os
xds adt (114)

lle(s) — f(f)ll3

where 9£;/0t = f; () and 3%;/0s = g}(s)

Discussion of relationship (109). Let f = ¢! and g = ¢4* be the topological
components of two interacting fields. By virtue of Biot-Savart’s law the work
done by H, i.e. the circulation of H around g, accounts for the corresponding
interaction intensity. Consequently if

gSINM=0¢=1(f,g)=0 (115)
there is no interaction. More generally if
f8H  and  g(SH (116)

can be separated by a hyperplane, again I(f, g) = 0. Otherwise stated, if {f, g}
and {fy, go} are two pairings of paths that are homotopic to each other, where

0 z=0
d
fo[(x 2+y2-1=0 an £o (x+2)2+y2-1=0
then again I(f, g) = 0. Finally
w! = H; dx* = 0 implies also I{f,g) =0 (117

A more precise version of Proposition 10 can be obtained as follows: For the
compact oriented 2-manifold with boundary M=c, CR3and (x, 5, z") €M,
let

-y ! t(r— 7
Q=j'(x xNYdy Adz+(y —y)dx Adz +(z —z)dx A dy (118)

[ X+ G+ G- R
and suppose (x’, ', 2') on the same side of M as the vector w, ER,3 — T, in

such a way that wy, (v1)p, (v2), is positively oriented in R, when (v1)p, (v2),
is positively oriented in T,. Then we have the
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Proposition 11. Let g: St~ R3 and suppose that whenever g{f)=p €M
one has dg/dt & Tp. Let n* be the number of intersections g(§*) N M
where dg/dt points in the same direction as the vector w, and n~ the
number of other intersections. Then

n=n+—n‘=~4—;-fg*d9 (119)
Sl

A proof of this proposition can be found in Crowell & Fox (1963).
Remark 28. 1t can be shown that formula (109) of Proposition 10 equals
relationship (119), that is

n=1I(f, g), where OM = f(SY) (120)

The physical interpretation of relationship (119) is the following. Consider
Maxwell’s equation rot H = (4m/c)i. Since the current density i is zero outside
feSL ot H= 0 permits the expression of H as the gradient of a magnetic scalar
potential, i.e. # = —grad .

Relationship (118) represents the solid angle subtended by M at X (Fig. 6).

Figure 6.

According to electrodynamics:

- I . I
= ——— Q@ j : Lo Q 12
H o grad wl=H;dx 47rd (121

or, which amounts to the same

H=(H1=_L§9_=Jf*((yfy’)dz—(Z—Z’)dy)w,,

4m ox I(x, 5, 2)I?
K .
I 30 ((x——x')dy— (y~y')dx))
Hyi=_-——= 122
3 47 9z I(X,y,,Z)P ( )
SI

Remark 29. The multi-valuedness of the potential ¥ is expressed in terms
of

- -~ 4
Yi— Y= §H.dx=gl=const.an1k=n+—n“ {123)
k
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(for the unit currents I), which means that the potential  is smgle-valued if
and only if f and g are not interlinked, i.e.

¢1—¢2=§H.d§=o (124)

The problem which arises now is, whether or not a gauge invariant theory,
whose field variables are derived from the geometric structure of a principal
toral bundle P(M?, SO(2)), can account in a consistent way for concepts such as
‘bare charge’ or ‘bare mass’, ‘renormalised charge (mass)’ etc. These issues will
be studied in terms of the following

Proposition 12. Let £ = P(M*, SO(2)) be a principal toral bundie whose
connection is defined by the 1-form w!. Suppose

Af:[0,11CR—>71"Yxg)=F, CP (125)
be aloop (cf. Remark 30 below) along the circle S = SO(2), then
1
S EH,(MHEmEL): o j w2=m=wiAf) (126)
SZ
constitutes the charge enclosed in Af. w,(Af) is the winding number
of Af about ¢ and
w?= J Fy,dx*dx” | HAM*,Z ) (127)

is the first characteristic cohomology class ¢ (§) of P(M?, SO(2)).

Remark 30. The mapping (125) Af of [ into the fibre F,,_over xo € M*is
defined by

Af(s) = f(s, 1) (128)
where
fe =z P(M*, SO(2)) (129)

denotes the lift of f to P(M?, SO(2)), i.. FIxI-P;(s, )~ f(s, t) is given in
terms of the properties (129), n(f(s, 1)) = f(s, 1) EM*, and

ﬂss 0)=f(0’ t)zf—(ht):pOEP: ”(p0)=x0 (130)
A constitutes the boundary homomorphism of the homotopy exact sequence
A
> [5(P) > My(M*) = (SO(2)) » My(P) . ... (131)

Remark 31. An important feature of P(M*, SO(2)) is that its first Chem
class be independent of the choice of the connection w?. In fact, let w! and
w!’ be two connections in P(M*, SO(2), 6 € F{(M*) be such that 7*¢ = w! —
w! and Q2 = 7*(w?) be the curvature; w? represents the characteristic class
of the bundle, then

T*do = d(m*0) = dw! — dw? = 1*w? — n*w? (132)
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and therefore
w?=w? +do (133)

i.e. w?and w? are cohomologous.

As regards the first Chern class of the principal circle bundle (M2, SO(2)),
we can re-express the statement of Remark 15 in a more elegant fashion
(]l’ZI 4 {5 related to M* by means of the map (140), Proposition 13).

Proposition 12'. If the first Chern class of the bundle £ = P(I1%, SO(2))
vanishes, i.e. ¢{(£) = 0, there exists a connection w!, such that the local
symmetry group is trivial, i.e. ¢, =1.

into

Proof of Proposition 12. Let the map h : T1,(M*) — H,(M*, Z) be a homo-
morphism of the second homotopy group of M? into the second homology
group and f € C*(I2, M*) be a representative of a homotopy class [a] € I1,(M4,
%) then, by virtue of (129),

| o

jw2=f w?= J (u2=j. TH*w? = S Q2= jdwl
7 of

since Q2=dw + 3w, w]=dw (134)

o)  F () 7 7
Moreover, by virtue of (131), we obtain Af € [Aa] € I1(SO(2)) and since
[1,(S0(2)) = Z every element of I1,(SO(2)) is a multiple of the generator v of
I1,(SO(2)) and hence Aa=my, m &€ Z. From (130) and (134) we infer
Jor w'= farwl=m. 4n (cf. Kobayashi, 1956).

Discussion. An important point is whether or not one is dealing with discrete

or continuously variable charge, which amounts to studying the following
three sets of equations:

1}

dw?=0 (135) dw?=0 (135") dw? =41y (135"
or Q "
d*?=0 (136)  d*w?=4my* (136) © d*w?=dny* (136"

where (1357 -(136") stand for Maxwell’s equations v is the magnetic monopol
current. By virtue of the proof of Proposition 12 we are led to analyse the
following two cases:

(1) Equation dw? =0 (div H = 0) is associated with the construction of

magnetic charge g by means of the first Chern class ¢ (¥) € H*(M*, Z ). The
pole strength g which is measured to be

L jw2=m=w,,(Af) (126)
4

SZ
(cf. the adjoining Fig. 7) displays, that m € Z is both, the value of the Chern
class ¢4(£) and the magnetic charge enclosed in Af.
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Figure 7.

(2) The occurrence of discrete magnetic charge is related to

Proposition 13. Within an appropriate fibre bundle approach the

following holds
1 ~2 1
wa(9) = j O =wy(Af)= — f w (137)
T .87 AT
where
oM BP, g ECT(MA MY,  SPEH,(MY)
0:82->82 P EC(S?2,R3) (140)

and w,(p) denotes the winding number of ¢ about z = 0 € R3.

Proof. By

G Co(M*) ~ Co(I1*) (140)

one obtains
[ @2= f@*wZ— [ (139)
¢,8* @ (5%

where (2 € F2(M#*). Oh account of

Wa() = deg i, = wo (@) (138)
where

px) —
o, ofx )—m e(x)
Fwolp)=degp=w,lp) with degy=— f w?=wy(Af)
«p 5*

(Prop. 12) (141)

Remark 32. In Lemma 1 and the theorem of page 201 of my paper (v.
Westenholz, 1971) the erroneous statement ‘¢ is a diffeormorphism’ must be
replaced by (140).
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Remark 33. From Propositions 12 and 13 one infers that the dynamical
coupling constants e or g admit the geometrical interpretation, that, being
related to the characteristic class ¢ (), they are obstructions to trivialising the
principal bundle £.

Relationship (137) admits the following physical interpretation (Lubkin,
1971). Suppose the bar magnet of Fig. 7 becomes infinitely thin and infinitely

.52

Figure 8.

permeable and centred at 4. One thus defines a magnetic monopol field
=% (142)
r
and the half-line which represents the bar magnet may be regarded as a flux

line.

Remark 34. By virtue of Dirac’s condition,

eg
fic =

the magnetic monopol charge (137) will be used in the sequel to define quan-
tised electric charge.

The issue of magnetic monopoles is characterised by equation (135")
de>? = 4y, where v is the conserved monopol current, i.e. dy = 0. Within a
gauge approach to electrodynamics one encounters the difficulty, however,
that there exists no method for deriving Maxwell’s equation (135") from the
geometric structure P(M*, SO(2)), since n* dw? = dQ2 = d(dé) = 0 yields
dw? = 0. This difficulty may be circumvented in the use of the bundle
P(M, SU(3)) as the relevant structure for magnetic monopoles and by associat-
ing magnetic monopoles with the YM equations (73) dB = 4nw3. A motivation
for such an approach to magnetic monopoles is given by the papers of
Schwinger (1968) and v. Westenholz (1970). In fact, Schwinger’s baryon model,
whose particles are magnetically charged quarks which carry fractional electric
charge, is based upon the SU(3)-symmetry scheme. On the other hand, Loos
{1967) has shown the existence of a solution to the YM equations (73) for a
point charge within a gauge theory with non-Abelian gauge group. We therefore
regard a monopol field as a non-Abelian gauge field, whose field equations are
given by (73).

The formal symmetry between electric and magnetic charge expressed
through equations (135")-(136") is violated by the great disparity between the
charge units. Indeed, on account of Dirac’s condition (143), e?/hc = a entails

(143)
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the least value allowed for g2 to be g2/ac = 137/4. Thus, ultimately, the equa-
tion dw? = 4x1f only formally accounts for magnetic monopoles and should be
abandoned in favour of the YM equation dB = 4nw?3. The great strength of
magnetic attraction indicated by g?/fic suggests that some (super) strong inter-
action is associated with the aforementioned approach. Moreover, the transi-
tion from a non-spherically symmetric and non-Abelian generalised Maxwell
formalism to a framework consistent with a spherically symmetric monopol
field H = g/r? might possibly account for a so-called breakdown mechanism of
the unitary symmetry SU(3). Mathematically this would amount to a reduction
of the structure group SU(3) to SO(2},
£ P(M4, SO(2)) ~ P(M*, SU(3)) (144)

In order to recover the relevant geometrical objects for the description of the
corresponding physical fields it suffices to consider the relationships
U = Af +iBE; wl=al+ipY, Q2= a?+if? and equate all imaginary com-
ponents equal to zero. The resulting objects correspond to SO(2). These rather
sketchy arguments will be developed more explicitly elsewhere.

Remark 35. The appropriate fibre bundle mentioned in Proposition 13 now
turns out to be the principal bundle P(M?, SU(3)).

The relationship which associates the dynamic charge coupling constant
with the interaction intensity reduces to a formula between the linking number
and the winding number according to

Proposition 14. Let f = f,S' and g = 2,5, g, f € C(R3) be two loops as
specified in Proposition 10 (cf. Figs. 4 and 5), then

I, 2)=k.wyp) keZ (144)

Remark 36. Formula (144) makes physical sense, since [k] = cm™!
[Wa()] = charge and [I(f, g)] = [§H . dx] = charge .cm™L

Proof of Proposition 14. We have to show the following relationships to
hold:

>

w(f, @) = wy(9) (145)
wif, @) = w(f., a) (146)

wife, ac) =1(f, 8) (147)

and
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That is, in the most general case:

1,9= 3  wPae)= 3wl =k.wiy)  (147)
PEMNg(S") i=1

where M Ng(SY = {P, Py ... P, P;EM}.
(a), Proof of (145). Consider the mapping 7, : §1~ f,(S!) = S, C S where

fo=1: 8- f(SY) which ‘rotates’ S! (Fig. 9), deg f = m, Let o :§2 - 52,
¢ € C=(S?, R3) be such that (¢/S,) © k. =f, where Srw S, (cf. Fig. 9).

by -
The map A, is defined by degh, = 1 (in particular if ¢ = 6, then ¢/Sg=f
and h, = identity). We claim:
dego = deg f (149)
o, def
Indeed, let ¢ = 0, then (149) is trivial, since w(a, f) = deg u, where
foy—a _ Jox)
ifxy —all I

¢ # 0 implies deg f, = deg (¢/S. © ho) = deg /S, © deg h, = deg .
(b) Proof of (146)

w(f, a)=w(f., a;) ® 3 ahomotopy {Fy, G such that Fo = j:: Go=a;
Fl =f6'9 Gl =dc

ux) = =f(x) > w@ F)=deg f=degy since /So=1

Such a homotopy is given by

F)=tf(s)+ (1 —Ofs)  VsES!
and

and a =as)

Gfs)=ta.+ (1 — Ha, since .= a.(s))are constant functions
G{s) is a constant function for s

(c) Proof of formula (148). By virtue of Proposition 11 and (119) we
introduce the following sets:

ints in ¢
A:{PeMng(Sl) dg points in the same

={P, P, ... P}
dt direction as w, } b2 "

B= { P eMngsh dg points in the opposite

dt direction as w,, }_ Poba.. P

That is, the integers n* and n™~ are associated with 4 and B respectively. This
leads us to distinguish between the following two cases: deg f, = 1 (f,isa 1-1
function) and deg f. =m €Z, m > 1. Now, deg f.. = 1 implies w(P,, f,) = deg u
=1, where

_ f(S) — e

“O= 170 = al
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and

=

2 WP fo)= w(P;, ) =n*
Fis g = (147)
2 WPLf)= > wlf)=n"

pi<B i=1

=

16,9)= 3 wieo fo)~ 3 Wit} )
= i=
Formulae (145) and (146) yield
w(P, o) =w(ac, fe) = walp) (148)

If one substitutes (148) into (147) one infers I(f, g) = (1" — n")w,(p) = kw, ()
which equals relationship (119), since w,(p) = deg f, = 1 by assumption. If -

degfo=m=degfo=degu=w(P f)=m>1 VPEM

deg f, = mmeans: VP € g(S1) N M, P stands for the set P = {P;... P} such
that w(P, ) = 2Ly wP;, fo) = m.
=1
By definition of n* and ™~ we get

nt= S w@f)=am, n = 3  wlPf)=n,.m
PEMNEES) = PEMNES)
peA PEB
therefore

If,g)=n"—n"=nm—ny.m=(; —ny).m

and by virtue of (148) one obtains I(f, g) = (n; — nz)Wa(lp), ny—n, €Z, q.e.d.
Remark 37. Relationship (144) is a special case of Zg; I{fc, £) = k. wa(¢)
where k = Z; k; (g; denotes the number of field lines through a). Clearly
lel=1/2Z1k; | [Elk |]=cm™L, where ¢ € [-1, 1]. In fact, |¢|~ 0 (¢ # 0) gives
rise to an increasing number of field lines g; which intersect with M, = ¢,
(oM, = f,) (refer to Fig. 9).
Discussion of Proposition 14. The relationship

f @2=wy(p)=0 (150)

2 =
S =c,

implies that (a) no quantised charge is inside % and (b) I(f, g) = 0, which
obviously amounts to L; = eju4, = 0. In fact, the dynamic coupling constant
e which is given by (137) or (141") (cf. Remark 33) vanishes. Thus (150) is
consistent with Remark 33 where charge was responsible for the obstruction
to trivialising the principal bundle under consideration. Conversely, I(f, g) =0
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yields (a) k = 0 or (b) w,(¢) = 0. Case (a) implies the cardinality of the sets 4
and B to be the same. Case (b), w,(¢) = 0, amounts to

dvE=0 (151)

which is just a special case of d*w? = 0 (equation 136). Consequently, the un-
dressed or bare charge eg which is involved in electromagnetic interaction pro-
cesses will be identified with continuously variable (unquantised) charge

j*wz =4ney = J *Ei,-dxi Adxi

c? ¢y
x0 = const. (152)

The charge (152) will be associated with a multiply connected topology
trapping electric lines of force (v. Westenholz, 1971; Misner & Wheeler, 1957)
in the following sense: If the interiors of two solid 2-spheres §2 of equal radius
in the T'= const. hyperplane are removed and the appropriate points on the
surfaces S? are identified, one obtains the pattern of an electric dipole, i.e.
div £'= 0, provided the charge e and —e, respectively, are assigned to these
spheres. Thus, charge appears as a non-local manifestation of source-free
electrodynamics in a multiply-connected topological space. Such a non-local
picture of charge is familiar from vacuum polarisation whose net effect is to
spread out the effective charge over distances of the order #/mec. This character-
ises non-locality.

Remark 38. The validity of equation w,{(y) = 0, which accounts for the
absence of quantised charge in S2, by no means contradicts the existence of
continuously variable charge (equation (152)). On the contrary, this type of
charge, being a manifestation of source-free electrodynamics, is, by our fore-
going construction, associated with an empty S2.

Within the framework of YM and AB fields the interaction constant
a = e?fhc can be estimated. This will be established now. We assume that

(a) units of particle physics (i.e. quarks) are represented by elementary

loops (cf. Fig. 4);
(b) these elementary loops are supposed to be quantised in the following

sense: et
Au= (0an, Anp) (153)
denote the 4-potential representing an AB field, where
- he 89
Aag=—— — 4
ABS —— - (154)
‘and
fic 00 % 99
YABT T T T (155)

e 0x° e ot

¥(x*) is a continuous function of space time. Then the following holds:
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Proposition 15. The vector potential A, Ap produces the quantised flux

fic
oaB="" (156)
and the scalar potential (155) yields the quantity
W  AE
=g
o = (157)

where k = e2/(2mc?.r) is a dimensionless constant. AE denotes the
energy uncertainty during the intermediate state of some virtual pro-
cess which is characterised in terms of AB fields.

‘Proof by quotation’. By virtue of the correspondence principle between
AB fields and virtual processes, we denote by

AE = AE+ AE (158)

the energy uncertainty associated with the fictitious intermediate state, where

AE~T f Wi wl=A.d¢ and I= -—% (159)
e =f
denotes the steady current around the loop f.
k1. 82E =eAppp; (160)
Agap is the uncertainty of the potential difference (Furry & Ramsey, 1960).

AE is associated with the vector potential AB effect; A, E is the contribu-
tion of the uncertainty due to Apap. Now, since

S=e J‘gaAB(t).dr=2 f:r.dt (161)
and
Apap=kapap, 2T~ AE (162)
we have (160). Moreover,
nad h AzE)
——=—{ky— 163
e ot e( *n (163)

k5 unknown. The uncertainty in the phase difference can be shown to be

_ eAt. Apap
[}

where At denotes an infinitely short lifetime. By (160) and (164) we obtain
(Al?/At) = kl(AzE/h), by (155) and (163), A‘PAB = k2k3(A2E/€) = kl = k2 . k3.

AS (164)
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Now, for a fixed potential y 4, the evaluation of Ag, g and hence of k5 is
possible. Therefore it remains to either determine k, or k3. If pap is brought
to the fixed potential pap = (¢/r)ls, = e with respect to the AB-scalar potential
effect, then k3 = ¢/¢ g and conversely.

T 2
¢=27rj Hrdr=-—ei.—1-r-
! 2me  r
denotes the flux

B S B _ 1 [(&xG-3F
Fo 3 r?__u_;_,_ Jw (proposition 10)  (110)

R Iy — x|
and
fic
GAB=—
e
by
e )
)y —.——=k 3
<PAB()h a,E s (163)

That is, in considering virtual states which violate the energy principle by an
amount of (164), AE ~ 2myc2, one obtains

e? ¢ e?

(165)
S2

In terms of formulae (155) and (163) this yields the correct value of the fine
structure constant, since

09 €2 2mgc? 139 e e?
L -2

ot 2mgc? m ¢ or he AP hcle

(166)

Remark 39. In the approach to elementary particle physics in terms of
quantised flux loops the reverse situation to Dirac’s electron theory applies in
that the magnetic moment u = eh/2mc is assigned to these loops (cf. Jehle,
1971).

Remark 40. An g posteriori justification for a description of interaction in
terms of AB fields and magnetic charge is given by AS = (e . g/r¥)r2. 4 (cf.
Lubkin, 1971) which represents the AB phase shift around the loop f (r24
denotes the area enclosed by the loop f). It is O for g = 0 which corresponds
to the absence of interaction.

Discussion of Proposition 15. During a virtual state corresponding to the
interaction Hy = ey y* YA, the AB potential 44 g gives rise to the electro-
magnetic interaction constant (e2/% .c)|s» provided one applies the potential
¢ = (e/r)ls2 = e to the AB-device which corresponds to the scalar effect. The
value of the potential equals the potential of points on §2 with respect to
an AB source located at the origin. Now, consider the AB fields (25),
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= E;dx’ dx® + *Hy; dx’ dx’, and (26), *w? = H; dx* dx® + *Ey; dx* dx,
where dcoz d*w? =0 and let
(a) x!=const. The contributions of (25) and (26) are given by

WRe= [ *Hyaxlax (167)
6'2
and
dmeq = j *Ey dxl dxl (152)

cZ

the AB-flux and undressed charge, respectively.
(b) dx®# 0 implies

E;dxtdx®+#0 (168)
and
H;dxidx®#0 (169)
This entails that the interaction process, which is defined by the quantities
I(f,g) = j H; .dxi (109)
g
and
met=e fEi.dxi (170)

is described, during an infinitely short lifetime dx9, by the AB fields (25) and
(26). That is, the magnetic field H = —(//47) grad Q mediates the interaction
between some quark represented by f= £, S and the photon field, whose con-
tribution to the interaction is given by AE. The electric field determines the
energy uncertainty A,F by (170). As regards the total energy violation during
the fictitious intermediate state, the following holds: The interaction energy
Hy = ¢j*. A4, can be associated with eight possible virtual processes whose
constituents are e*, ¢~ and photons:

e >e "ty e ty—e” et—>et+y et ty—>e*
y>ette™ O0—>ytette” etde >y y+tet+e =0

These eight processes are represented by essentially one single type of Feynman
graph. Proposition 15 refers to those of these processes which do not satisfy
energy conservation, i.e. y tet +e” > 0and 0>y +e* +¢™. In both cases
AE ~ 2mgc? provided we assume the emission or absorption of very soft
photons.

Remark 41. There is no Lorentz force acting during the intermediate state,
since ek + e/, H] = 0 for AB fields.
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Remark 42. There is a ‘source lepton’ located at 0, whose magnetic dipole
field lines correspond to loops g = g, (i.e. these field lines represent quantised
flux lines). The field lepton e~ produces a steady current through the loop
f=fS! which gives rise to the field H;.dx’. Thus, some field lines due to the
AB effect will coincide with field lines due to the current through f.

Finally we wish to study some typical virtual process, say e” +y->e™. We
proceed as follows:

(D wy(p) =0, i.e. I(f, g) = 0 holds all the time. There is no interaction at
all, which corresponds to the transition e™ - e, i.e. the trivial reaction
whose scattering operator is S = 1.

(ID) The interaction process decomposes into
(1) The initial state. The scattering of the two particlese™ and 7y is
represented by the Feynman graph (Fig. 10). During the initial state,
the non-local bare charge e, = ¢; is associated with the source-free
Maxwell field (*w?, ¢5,) in terms of

(*w? cy)— j *w?2 =4re,
[

H2AM?) x Ho(M%) > R (171)
i\ f

\

TAY
/N

Figure 10.

(2) The intermediate state. As a result of the interaction Hy = ¢j*4,, or
equivalently I(f, g) # 0, w,() ¥ 0, the following holds. By virtue of its
interaction with the radiation field, the particle e™ has acquired the
electromagnetic mass 8m as a consequence of the field #, which exists
during dx® # 0 (Fig. 6), mv2[2 =4 [ H? d3x = 8m, (v is the velocity of
the electron —e around f during the virtual state (cf. Remark 45). The
contribution 8, stems from £, therefore Hyaq = % [ (E? + H?) d3x and
Coxp = €o + 8e, Moy =mg +8m.

(3) The final state. The ‘dressed’ charge which the particle has acquired
during the intermediate state is described by virtue of

Proposition 16. The dressed charge ey = eq + e which corresponds to
the virtual process e™ + v = ™ is given by

4mes= J*L‘;Z:J‘ dx! A dx?= const. (173)
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Proof. The radiation field corresponding to the intermediate state is subject
to the condition

X ixw? =ixg*w?=0 (174)
where X = (X, (c/4w)(ﬁ A ﬁ)) =(Xo,5) (8- Pointing vector).
Rank w2 <4

Rank *w? < 4 ie.det(F,,)=det(*Fu)=0

and the skew-symmetry of F,,, and *F),, implies the rank of F to be even, i.e.
Rank w? = 2 or 0. Since neither w? nor *w? are non-vanishing fields, they
must be monomials of the form

#eo? = dxl A dx/ (175)
Clearly
dw?=d*w?=0 (176)

Since *w? = *Ey; dx? dx/, relationship (175) represents a uniform electric field
in the x-direction, i.e. *Eyy = E3 =E, =0, *E,3 = E4 = const.

Discussion of Proposition 16. By equation (173) it turns out that the dressed
charge as defined by relationship (171) is again non-local in character. This
corresponds physically to the polarisation phenomenon where the charge e,
as a result of the interaction, surrounds itself by a cloud of charged particles.
Some of these escape to infinity leaving a net charge of —&e in the part of the
cloud spread out over a distance of i/me.

Remark 43. By virtue of the foregoing reasonings, the radiation field in-
volved in the interaction must take the form

O E 00 0 0 -—mE O
~E 0 0 —-nE 0 0 0 nE
F,,= *F = Inl=1
#lo o0 o0 0 Y g 0 0 o
0 nE 0 O 0 g9 0 O

Remark 44. Equation (174) states that the radiation field is associated with
the direction defined by the Poynting vector, i.e.

i(S)w= FuX*dx? — X?dxF)=0  X#=(59,3)s0 =|E|= |H| = F X’ =0

That is, the flux of F, through a plan which contains S vanishes.
Remark 45. The quantity 8m is assumed to be of electromagnetic origin
and can be obtained formally as follows. Set

5
=—2~v2g-—’;—v2 where —;-’3u2=1/2jH2.d3x (177)

ocdr T 2w
~ = const j j sin? 9 d9 j dp=bm < (178)
i 0 0
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The magnetic field
-~ ev sind
[HI=—. 5
47 r

satisfies Biot-Savart’s law and acts during the short lifetime dx© # 0. The quan-
tities (177) and (178) correspond to the uniform motion of the electron —e
in f which produces the field (179).

(179)

Conclusion

It is known that in electron theory one distinguishes between the charge of
the undressed and the experimental electron. The factors of conversion are
logarithmically divergent. Because of this it is claimed that only the renormal-
ised theory has any physical significance. However, within our continuum
picture it turns out that there will be no infinite factor of conversion and thus
no renormalisation will be needed.
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